Abstract. The objective of this paper is to present some sufficient conditions for approximate controllability of semilinear fractional control system of order α ∈ (1, 2] with infinite delay. The results are obtained by the theory of strongly continuous α-order cosine family and sequence method. At the end, an example is given to illustrate the theory.
Introduction
Fractional order systems are generalization of the integer order systems. The potential applications of fractional calculus are in diffusion process, electrical science, electrochemistry, viscoelasticity, control science, electro magnetic theory and several more. As delay can be observed in many real-life problems, fractional order delay differential systems seem natural to model the real-world systems. Basics of fractional calculus and applications in control theory can be see in [25, 26] .
In setting of first-order systems, Kalman [7] introduced the concept of controllability for finite-dimensional deterministic linear control systems. The basic concepts of control theory in finite and infinite dimensional spaces has been introduced in [3] In setting of second-order systems,; it is advantageous to treat the second-order abstract differential equations directly rather than to convert them to first-order systems. A useful tool for the study of second-order equations is the theory of strongly continuous cosine families. We will make use of some of the basic ideas from cosine family theory [20] . Motivation for the second-order systems can be found in [2, 5] . Recently, Kumar et al.
[10] established sufficient conditions for controllability of second-order systems with nonlocal conditions in Banach spaces using Sadovskii's fixed point theorem and strongly continuous cosine family.
In setting of fractional order α ∈ (0, 1] systems, in [21, 22, 24] authors obtained sufficient conditions for existence of mild solutions for fractional-order evolution equations. Using existence results for mild solutions, in [8, 15, 16, 21] authors established sufficient conditions for the approximate controllability of a class of fractional-order semilinear control systems using contraction principle and fixed point theorems. Recently, Kumar et al. [9] used the sequence method as introduced by [23] and obtained sufficient conditions for approximate controllability of fractional-order α ∈ (0, 1] control system with finite delay in state.
In setting of fractional-order α ∈ (1, 2], there are not so many papers on existence of mild solution and controllability of fractional order α ∈ (1, 2] semilinear systems. Recently, Li et al. [11] obtained sufficient conditions for the existence of mild solution and exact controllability of fractional differential systems with nonlocal conditions in infinite-dimensional Banach spaces using Sadovskii fixed point theorem.
Up to now, to the best of our knowledge, there are no results on the approximate controllability of fractional semilinear control system of order α ∈ (1, 2] in Banach spaces. In [11] the author obtained sufficient condition for existence of mild solution for fractional-order α ∈ (1, 2] systems. Approximate controllability results can been obtained using fixed point theorems or sequence method. So, the present paper is devoted to the study of approximate controllability of the fractional semilinear control system of order α ∈ (1, 2] in Banach spaces with infinite delay in state using sequence method.
Problem Formulation
We consider the following semilinear fractional-order control system with delay of the following form:
C D α t x(t) = [Ax(t) + Bu(t) + f (t, x t )], 0 < t ≤ T ;
x(t) = x 0 = φ ∈ B, t ∈ (−∞, 0] 
